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STABILITY OF PLANAR RAREFACTION WAVE TO 3D FULL COMPRESSIBLE
NAVIER-STOKES EQUATIONS
LIN-AN LI, TENG WANG, AND YI WANG
Abstract. We prove the time-asymptotic stability toward planar rarefaction wave for the three-dimensional
full compressible Navier-Stokes equations in an infinite long flat nozzle domain R× T2. Compared with
one-dimensional case, the proof here is based on our new observations on the cancellations on the flux
terms and viscous terms due to the underlying wave structures, which are crucial to overcome the diffi-
culties due to the wave propagation along the transverse directions x2 and x3 and its interactions with
the planar rarefaction wave in x1 direction.
1. Introduction
The motion of compressible viscous and heat-conductive fluid occupying a spatial domain Ω ⊂ R3 is
governed by the following full compressible Navier-Stokes-Fourier system:
(1.1)


ρt + div(ρu) = 0,
(ρu)t + div(ρu⊗ u) +∇p = divT ,
(ρE)t + div(ρEu+ pu) = κ∆θ + div(uT ),
where t ≥ 0 is the time variable and x = (x1, x2, x3) ∈ Ω is the spatial variables. In the present paper,
we are concerned with the viscous fluid flowing in an infinite long flat nozzle domain Ω := R × T2
with R being a real line and T2 := (R/Z)2 being a two-dimensional unit flat torus. The functions
ρ, u = (u1, u2, u3)
t, p and θ represent respectively the fluid density, velocity, pressure and absolute
temperature and E = e + 12 |u|
2 is the specific total energy with e being the internal energy, and T is
the viscous stress tensor given by
(1.2) T = 2µD(u) + λdivuI
where D(u) = ∇u+(∇u)
t
2 stands for the deformation tensor, I is the 3 × 3 identity matrix and µ and λ
represent the shear and bulk viscosity coefficients of the fluids respectively and they both are constants
satisfying the physical constraints:
(1.3) µ > 0, 2µ+ 3λ ≥ 0.
Moreover, the constant κ > 0 denotes the heat-conductivity coefficient for the fluids. The equations
(1.1) then express respectively the conservation of mass, the balance of momentum, and the balance
of energy for the flow under the effect of the inner pressure, viscosities and the conduction of thermal
energy. Here we investigate the ideal poly-tropic fluids such that the pressure p and the internal energy
e are given by the following state equations:
(1.4) p = Rρθ = Aργ exp
(γ − 1
R
S
)
, e =
R
γ − 1
θ,
where S is the entropy, γ > 1 is the adiabatic exponent, and both A and R are positive fluid constants.
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The following initial data is imposed to the system (1.1)
(1.5) (ρ, u, θ)(x, t = 0) = (ρ0, u0, θ0)(x), x ∈ Ω.
Since we are concerned with the stability of the planar rarefaction wave to the system (1.1), we consider
the following far-fields conditions on the x1-direction
(1.6) (ρ, u, θ)(x, t)→ (ρ±, u±, θ±), as x1 → ±∞, t > 0,
with u± = (u1±, 0, 0)t and ρ± > 0, u1±, θ± > 0 are prescribed constant states, and the periodic
boundary conditions are imposed on (x2, x3) ∈ T
2 for the solution (ρ, u, θ)(x, t). Moreover, the two
end states (ρ±, u±, θ±) are connected by the rarefaction wave solution to the Riemann problem of the
corresponding 1D compressible Euler system:
(1.7)


ρt + (ρu1)x1 = 0,
(ρu1)t + (ρu
2
1 + p)x1 = 0,
(ρE)t + (ρEu1 + pu1)x1 = 0,
with the Riemann initial data
(1.8) (ρ, u1, θ)(x1, 0) = (ρ
r
0, u
r
10, θ
r
0)(x1) =
{
(ρ−, u1−, θ−), x1 < 0,
(ρ+, u1+, θ+), x1 > 0.
It could be expected that the large-time behavior of the solution to the compressible Navier-Stokes
equations (1.1)-(1.6) is closely related to the Riemann problem to the corresponding three-dimensional
compressible Euler equations
(1.9)


ρt + div(ρu) = 0,
(ρu)t + div(ρu⊗ u) +∇p = 0,
(ρE)t + div(ρEu+ pu) = 0,
with the Riemann initial data
(1.10) (ρ, u, θ)(x, 0) = (ρr0, u
r
0, θ
r
0)(x) =
{
(ρ−, u−, θ−), x1 < 0
(ρ+, u+, θ+), x1 > 0.
The inviscid compressible Euler system (1.7) or (1.9) is an ideal fluid model with the dissipative
effects being neglected, which is a typical example of the system of hyperbolic conservation laws. The
most important feature of the hyperbolic system (1.7) or (1.9) is that its classical solution may blow
up, that is, the shock may form, in finite time, no matter how smooth or small the initial data is.
Actually, there are three basic wave patterns to the system of hyperbolic conservation laws, i.e., shock
and rarefaction waves in the genuinely nonlinear characteristic fields, and contact discontinuity in the
linearly degenerate fields. However, the motion of real fluids should take into account the effects of both
viscosities and heat-conductivity, which is described by the compressible Navier-Stokes system (1.1), i.
e., the corresponding viscous system of inviscid Euler system (1.7) or (1.9). Moreover, it can be expected
that the large-time behavior of the solutions to the compressible Navier-Stokes equations (1.1)-(1.6) is
governed by the solutions of the corresponding Riemann problem (1.9)-(1.10), which contains planar
shock wave, planar rarefaction wave and contact discontinuity in general. It is interesting and important
to investigate the time-asymptotic stability of these basic planar wave patterns to the compressible
Navier-Stokes equations (1.1) in higher dimension. In the present paper, we first study the nonlinear
stability of planar rarefaction wave to the system (1.1) in an infinite long flat nozzle domain Ω := R×T2.
On one hand, there are essential differences between the one-dimensional Riemann problem (1.7)-
(1.8) and the multi-dimensional Riemann problem (1.9)-(1.10) even with the components u2, u3 are
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continuous on both sides of x1 = 0 as in (1.10). Precisely speaking, it is first proved by Chiodaroli,
De Lellis and Kreml [3] and Chiodaroli and Kreml [4] that there exist infinitely many bounded admis-
sible weak solutions to (1.9)-(1.10) in two-dimensional isentropic regime satisfying the natural entropy
condition for shock Riemann initial data by using the elegant convex integration methods as in De
Lellis and Sze´kelyhidi [5]. Meanwhile, the construction of weak solutions in [3, 4] seems essential to
the two-dimensional system and can not be applied to one-dimensional problem (1.7)-(1.8). Then Klin-
genberg and Markfelder [17] and Brezina, Chiodaroli and Kreml [1] extend the results in [3, 4] to the
case when the corresponding Riemann initial data contain shock or contact discontinuity. On the other
hand, similar to the one-dimensional case, for the Riemann solution only containing rarefaction waves
to (1.9)-(1.10), Chen and Chen [2] and Feireisl and Kreml [6], Feireisl, Kreml and Vasseur [7] indepen-
dently proved rarefaction wave is unique in the class of bounded weak solution to (1.9)-(1.10) even the
rarefaction waves are connected with vacuum states (cf. [2]).
As mentioned before, the inviscid Euler system (1.7) or (1.9) is an ideal fluid model and the real fluids
could be described by the viscous system (1.1), which is a typical example of the system of the viscous
conservation laws. Deep investigations have been achieved on the nonlinear stability of basic wave
patterns for viscous conservation laws in one-dimensional case. For the asymptotic stability of viscous
shock profile, it started from Goodman [8] for the uniformly viscous conservation laws and Matsumura
and Nishihara [26] for the compressible Navier-Stokes equations with physical viscosities independently
by the anti-derivative methods under zero mass condition imposed on the initial perturbation. Then Liu
[21] and Szepessy and Xin [33] removed the zero mass condition for the uniformly viscous conservation
laws by introducing the suitable shift on the shock profile and diffusion waves in the transverse charac-
teristic fields and Liu and Zeng [25] for the physical viscosity case. For the stability of rarefaction wave,
we refer to Matsumura and Nishihara [27, 28] for isentropic compressible Navier-Stokes equations and
Liu and Xin [22], Nishihara, Yang and Zhao [30] for non-isentropic system. Then Liu and Yu [24] proved
the stability of rarefaction wave to one-dimensional general n× n conservation laws system with artifi-
cial viscosity by point-wise Green function methods. For the stability of viscous contact discontinuity
wave, we refer to Liu and Xin [23] and Xin [36] for the uniformly viscous conservation laws and Huang,
Matsumura and Xin [12] for the compressible Navier-Stokes equations under the zero mass condition on
the perturbation, Then Huang, Xin and Yang [14] removed this zero mass condition in [12] for the 1D
compressible Navier-Stokes equations (1.1). For the composite waves, Huang and Matsumura [11] first
studied the asymptotic stability of two viscous shock waves under general initial perturbation without
zero mass conditions on initial perturbations for the full 1D Navier-Stokes system and Huang, Li and
Matsumura [10] justified the stability of a combination wave of a viscous contact wave and rarefaction
waves. Recently, Huang and Wang [13] improved the stability result in [10] to a class of large initial
perturbations.
Although there have been rather satisfactory results about the stability of basic wave patterns for
viscous conservation laws in the one-dimensional case, the stability toward the planar wave patterns for
the compressible Navier-Stokes equations (1.1) in multi-dimensional case is still open due to the higher
dimensionality. For the scalar viscous conservation laws, Xin [35] proved the asymptotic stability of
planar rarefaction waves in multi-dimensional case by elementary L2-energy method in 1990. Then Ito
[15] and Nishikawa and Nishihara [31] extended the stability result in [35] by obtaining the decay rate
in time. For an artificial 2× 2 system with positively definite viscosity matrix, Hokari and Matsumura
[9] proved the stability of the planar rarefaction wave in two-dimensional case, which crucially depends
on the strict positivity of the viscosity matrix and can not be applied to the compressible Navier-Stokes
system (1.1) with physical viscosities. For the compressible and isentropic Navier-Stokes equations,
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which is the special case of the system (1.1) with the entropy being constant and the energy equation
can be decoupled and neglected, the first and third author of the present paper Li and Wang [19] proved
the stability of planar rarefaction wave in two-dimensional domain R× T.
In the present paper, we shall prove the time-asymptotic stability of the planar rarefaction wave for
the three-dimensional full compressible Navier-Stokes equation (1.1) with physical viscosities and heat-
conductivity for any adiabatic exponent γ > 1. Compared with the one-dimensional stability results
in [27, 28, 30], the main difference here lies in higher dimensionality and the physical viscosities terms
coupled in momentum equation (1.1)2 and the energy equation (1.1)3 and we can not use the technique
for one-dimensional fluid by substituting the mass equation (1.1)1 into the momentum equation (1.1)2
directly to obtain the derivative estimates of the density function as in [27, 28, 30]. Compared with the
two-dimensional stability result for isentropic flow in [19], the full compressible Navier-Stokes equation
(1.1) here is a real physical model involving the thermal conduction and the main difference lies in
the thermal energy equation (1.1)3 additionally in three-dimensional domain. Fortunately, we observe
some cancellations between the flux terms and viscosity terms for the full compressible Navier-Stokes
equations (1.1) such that we can successfully overcome the difficulties due to the planar rarefaction
wave propagation in x2, x3-directions and its interactions with x1-direction and finally we can prove
our time-asymptotic stability toward the planar rarefaction wave. More precisely, we prove that if the
initial data (ρ0, u0, θ0) in (1.5) is suitably close to the planar rarefaction wave, then the three-dimensional
problem (1.1)-(1.6) admits a global-in-time smooth solution which tends to the planar rarefaction wave
as t→ +∞. Note that the rarefaction wave strength |(ρ+ − ρ−, u+ − u−, θ+ − θ−)| here need not to be
sufficiently small. The detailed stability result can be found in Theorem 1.1 below.
To state our main result, we first recall the planar rarefaction wave. It is straight to calculate that
the Euler system (1.7) for (ρ, u1, θ) has three distinct eigenvalues
λi(ρ, u1, S) = u1 + (−1)
i+1
2
√
pρ(ρ, S), i = 1, 3, λ2(ρ, u1, S) = u1,
with corresponding right eigenvectors
ri(ρ, u1, S) = ((−1)
i+1
2 ρ,
√
pρ(ρ, S), 0)
t, i = 1, 3, r2(ρ, u1, S) = (pS, 0,−pρ)
t,
such that
ri(ρ, u1, S) · ∇(ρ,u1,S)λi(ρ, u1, S) 6= 0, i = 1, 3, and r2(ρ, u1, S) · ∇(ρ,u1,S)λ2(ρ, u1, S) ≡ 0.
Thus the two i-Riemann invariants Σ
(j)
i (i = 1, 3, j = 1, 2) can be defined by (cf. [32])
(1.11) Σ
(1)
i = u1 + (−1)
i−1
2
∫ ρ √pz(z, S)
z
dz, Σ
(2)
i = S,
such that
∇(ρ,u1,S)Σ
(j)
i (ρ, u1, S) · ri(ρ, u1, S) ≡ 0, i = 1, 3, j = 1, 2.
Given the right state (ρ+, u1+, θ+) with ρ+ > 0, θ+ > 0, the i-rarefaction wave curve (i = 1, 3) in the
phase space (ρ, u1, θ) with ρ > 0 and θ > 0 can be defined by (cf. [18]):
(1.12) Ri(ρ+, u1+, θ+) :=
{
(ρ, u1, θ)
∣∣∣∣∣λix1(ρ, u1, S) > 0,Σ(j)i (ρ, u1, S) = Σ(j)i (ρ+, u1+, S+), j = 1, 2
}
.
Without loss of generality, we consider the stability of planar 3−rarefaction wave to the Euler system
(1.7), (1.8) in the present paper and the stability of 1−rarefaction wave can be done similarly. The
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3−rarefaction wave to the Euler system (1.7), (1.8) can be expressed explicitly by the Riemann solution
to the inviscid Burgers equation:
(1.13)


wt + wwx1 = 0,
w(x1, 0) = w
r
0(x1) =
{
w−, x1 < 0,
w+, x1 > 0.
If w− < w+, then the Riemann problem (1.13) admits a rarefaction wave solution wr(x1, t) = wr(x1t )
given by
(1.14) wr
(x1
t
)
=


w−, x1t ≤ w−,
x1
t
, w− ≤ x1t ≤ w+,
w+,
x1
t
≥ w+.
Then the 3-rarefaction wave solution (ρr, ur1, θ
r)(x1
t
) to the compressible Euler equations (1.7), (1.8) can
be defined explicitly by

w± = λ3(ρ±, u1±, θ±), wr(
x1
t
) = λ3(ρ
r, ur1, θ
r)(
x1
t
),
Σ
(j)
3 (ρ
r, ur1, θ
r)(
x1
t
) = Σ
(j)
3 (ρ±, u1±, θ±), j = 1, 2, u
r
2 = u
r
3 = 0,
(1.15)
where Σ
(j)
3 (j = 1, 2) are the 3-Riemann invariants defined in (1.11).
We construct a smooth 3-rarefaction wave profile to the wave fan defined in (1.15). Motivated by
[28], the smooth rarefaction wave can be constructed by the Burgers equation
(1.16)


w¯t + w¯w¯x1 = 0,
w¯(x1, 0) = w¯0(x1) =
w+ +w−
2
+
w+ − w−
2
kq
∫ εx1
0
(1 + y2)−qdy,
where ε > 0 is a small constant to be determined and kq is a positive constant such that kq
∫∞
0 (1 +
y2)−qdy = 1 for each q ≥ 2. Note that the solution w¯(x1, t) of the problem (1.16) can be given explicitly
by
(1.17) w¯(x1, t) = w¯0(x0(x1, t)), x1 = x0(x1, t) + w¯0(x0(x1, t))t.
Correspondingly, the smooth rarefaction wave profile (ρ¯, u¯, θ¯)(x1, t) to compressible Euler equations
(1.7), (1.8) can be defined by{
w± = λ3(ρ±, u1±, θ±), w¯(x1, 1 + t) = λ3(ρ¯, u¯1, θ¯)(x1, t),
Σ
(j)
3 (ρ¯, u¯1, θ¯)(x1, t) = Σ
(j)
3 (ρ±, u1±, θ±), j = 1, 2, u¯2 = u¯3 = 0,
(1.18)
where w¯(x1, t) is the solution of Burgers equation (1.16) defined in (1.17). Then the planar 3-rarefaction
wave (ρ¯, u¯, θ¯)(x1, t) satisfies the Euler system
(1.19)


ρ¯t + (ρ¯u¯1)x1 = 0,
(ρ¯u¯1)t + (ρ¯u¯
2
1 + p¯)x1 = 0,
(ρ¯u¯i)t + (ρ¯u¯1u¯i)x1 = 0, i = 2, 3,
R
γ − 1
[(ρ¯θ¯)t + (ρ¯u¯1θ¯)x1 ] + p¯u¯1x1 = 0
with the initial values
(ρ¯0, u¯0, θ¯0)(x1) := (ρ¯, u¯, θ¯)(x1, 0)
which is defined by using the smooth rarefaction wave for the Burgers equation evaluated at time t = 1,
as is suggested in (1.18).
Now we can state the main result in this paper as follows.
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Theorem 1.1. Let (ρ¯, u¯, θ¯)(x1, t) be the planar 3-rarefaction wave defined in (1.18). For each fixed
state (ρ+, u+, θ+), there exists a positive constant ε0, such that if (ρ−, u−, θ−) ∈ R3(ρ+, u+, θ+), and
(1.20) ε+ ‖(ρ0 − ρ¯0, u0 − u¯0, θ0 − θ¯0)‖H2 ≤ ε0,
then the initial value problem (1.1)–(1.6) admits a unique global smooth solution (ρ, u, θ) satisfying
(1.21)
{
(ρ− ρ¯, u− u¯, θ − θ¯) ∈ C(0,+∞;L2(Ω)), ∇(ρ, u, θ) ∈ C(0,+∞;H1(Ω)),
∇2ρ ∈ L2(0,+∞;L2(Ω)), ∇2(u, θ) ∈ L2(0,+∞;H1(Ω)),
and the time-asymptotic stability toward the planar rarefaction wave (ρ¯, u¯, θ¯)(x1, t) holds true:
(1.22) lim
t→∞ supx∈Ω
|(ρ, u, θ)(x, t) − (ρ¯, u¯, θ¯)(x1, t)| = 0.
Remark 1.1. This is the first result about nonlinear stability of planar rarefaction wave for the three-
dimensional non-isentropic equations, while the corresponding stability results for shock wave or contact
discontinuity are still completely open as far as we know.
Remark 1.2. If we assume both ‖(ρ0 − ρ
r
0, u0 − u
r
0, θ0 − θ
r
0)‖L2(Ω) + ‖∇(ρ0, u0, θ0)‖H1(Ω) and the wave
strength |(ρ+ − ρ−, u+ − u−, θ+ − θ−)| are suitably small, then the time-asymptotic stability of the 3-
rarefaction wave fan holds true:
lim
t→+∞ supx∈Ω
|(ρ, u, θ)(x, t) − (ρr, ur, θr)(
x1
t
)| = 0,
where ur = (u
r
1, 0, 0)
t and (ρr, ur1, θ
r) is the 3−rarefaction wave to the Euler system (1.7), (1.8).
The rest part of the paper is arranged as follows. First, we present some properties on the smooth
rarefaction wave solution in section 2. Then, the energy estimates will be given in section 3. Finally, in
the last section, based on a priori estimates, we prove our main Theorem 1.1.
2. Rarefaction wave
In this section, we present some properties on the planar rarefaction wave constructed in (1.18).
Lemma 2.1 ([28]). The problem (1.16) has a unique smooth global solution w¯(x1, t) such that
(i) w− < w¯(x1, t) < w+, w¯x1(x1, t) > 0, for x1 ∈ R, t ≥ 0.
(ii) For any t > 0 and p ∈ [1,∞], there exists a constant Cp,q such that
‖w¯(·, t) −wr(
·
t
)‖Lp ≤ Cp,qε
− 1
p (w+ −w−),
‖w¯x1(·, t)‖Lp ≤ Cp,qmin{ε
1− 1
p (w+ − w−), (w+ − w−)
1
p t−1+
1
p },
‖w¯x1x1(·, t)‖Lp ≤ Cp,qmin{ε
2− 1
p (w+ − w−), ε
(1− 1
2q
)(1− 1
p
)
(w+ − w−)
− p−1
2pq t
−1− p−1
2pq },
‖w¯x1x1x1(·, t)‖Lp ≤ Cp,qmin{ε
3− 1
p (w+ −w−), ε
(1− 1
2q
)(2− 1
p
)(w+ − w−)
− 2p−1
2pq t−1−
2p−1
2pq },
|w¯x1x1(x1, t)| ≤ Cqεw¯x1(x1, t).
(iii) The smooth rarefaction wave w¯(x1, t) and the original rarefaction wave w
r(x1
t
) are time-asymptotically
equivalent, i.e.,
lim
t→+∞ supx1∈R
|w¯(x1, t)− w
r(
x1
t
)| = 0.
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Lemma 2.2 ([16, 28]). Let δ = |(ρ+−ρ−, u+−u−, θ+− θ−)| is the strength of the smooth 3-rarefaction
wave (ρ¯, u¯, θ¯) defined in (1.18), then it satisfies the following properties:
(i) u¯1x1(x1, t) =
2
γ+1w¯x1 > 0, for x1 ∈ R, t ≥ 0, ρ¯x1 =
1√
Aγ exp(γ−1
R
S+)
ρ¯
3−γ
2 u¯1x1 , θ¯x1 =
γ−1√
Rγ
θ¯
1
2 u¯1x1 .
(ii) The following estimates hold for all t > 0 and p ∈ [1,∞]:
‖(ρ¯, u¯1, θ¯)(·, t) − (ρ
r, ur, θr)(
·
t
)‖Lq ≤ Cp,qδε
− 1
p ,
‖(ρ¯, u¯1, θ¯)x1(·, t)‖Lp ≤ Cp,qmin{δε
1− 1
p , δ
1
p (1 + t)−1+
1
p },
‖(ρ¯, u¯1, θ¯)x1x1(·, t)‖Lp ≤ Cp,qmin{δε
2− 1
p , δ
− p−1
2pq ε
(1− 1
2q
)(1− 1
p
)
×(1 + t)
−1− p−1
2pq + δ
1
p (1 + t)
−2+ 1
p },
‖(ρ¯, u¯1, θ¯)x1x1x1(·, t)‖Lp ≤ Cp,qmin{δε
3− 1
p , δ−
2p−1
2pq ε(1−
1
2q
)(2− 1
p
)
×(1 + t)−1−
2p−1
2pq + δ
1
p (1 + t)−2+
1
p }.
(iii) Time-asymptotically, the smooth rarefaction wave and the inviscid rarefaction wave fan are
equivalent, i.e.,
lim
t→+∞ supx1∈R
|(ρ¯, u¯1, θ¯)(x1, t)− (ρ
r, ur1, θ
r)(
x1
t
)| = 0.
Notation. Throughout this paper, several positive generic constants are denoted by C if without
confusions. For functional spaces, Hs(R× T2) denotes the s−th order Sobolev space with the norm
‖f‖Hs(R×T2) ,
s∑
j=0
‖∇jxf‖ and ‖ · ‖ , ‖ · ‖L2(R×T2).
3. A Priori Estimates
Before we present the energy estimates, we first set
(3.1) (φ,ψ, ζ)(x, t) = (ρ− ρ¯, u− u¯, θ − θ¯)(x, t).
Then the solution is sought in the set of functional space X(0,+∞) defined by
X(0, T ) =
{
(φ,ψ, ζ)|(φ,ψ, ζ) ∈ C(0, T ;H2), ∇φ ∈ L2(0, T ;H1),
∇(ψ, ζ) ∈ L2(0, T ;H2) and sup
0≤t≤T
‖(φ,ψ, ζ)(t)‖H2 ≤ χ
}
,
with 0 ≤ T ≤ +∞.
Note that if χ is suitably small, then the condition sup
0≤t≤T
‖(φ,ψ, ζ)‖H2 ≤ χ and Sobolev embedding
theorem imply that |(φ,ψ)| ≤ 12ρ−, |ζ| ≤
1
2θ− and |u| = |(u1, u2, u3)| ≤ C with C being a positive
constant which only depends on ρ−, u±. Therefore, the density function ρ(x, t) := ρ¯(x1, t)+φ(x, t) and
the absolute temperature function θ(x, t) := θ¯(x1, t) + ζ(x, t) satisfy that
(3.2) 0 <
1
2
ρ− ≤ ρ(x, t) ≤
1
2
ρ− + ρ+, 0 <
1
2
θ− ≤ θ(x, t) ≤
1
2
θ− + θ+,
since 0 < ρ− ≤ ρ¯(x1, t) ≤ ρ+ and 0 < θ− ≤ θ¯(x1, t) ≤ θ+. It should be noted that the uniform lower and
upper bounds of the density function ρ(x, t) in (3.2) guarantee the strict parabolicity of the momentum
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equation (1.1)2, which are crucial for the local and global-in-time existence of the classical solution to
the system (1.1). Hence, for classical solutions, (1.1) can be rewritten as
(3.3)


ρt + u · ∇ρ+ ρdivu = 0,
ut + u · ∇u+R
θ
ρ
∇ρ+R∇θ =
1
ρ
(µ∆u+ (µ+ λ)∇divu),
R
γ − 1
(θt + u · ∇θ) +Rθdivu =
1
ρ
[
κ∆θ +
µ
2
|∇u+ (∇u)t|2 + λ(divu)2
]
,
with the initial data (1.5) and far fields conditions on the x1-direction (1.6). From (1.19) and (3.3), we
can get the perturbation system for (φ,ψ, ζ):
(3.4)


φt + u · ∇φ+ ρdivψ + ψ · ∇ρ¯+ φdivu¯ = 0,
ψt + u · ∇ψ +R
θ
ρ
∇φ+R∇ζ + ψ · ∇u¯+R
(θ
ρ
−
θ¯
ρ¯
)
∇ρ¯
=
1
ρ
(
µ∆ψ + (µ + λ)∇divψ
)
+ (
2µ + λ
ρ
u¯1x1x1 , 0, 0)
t,
R
γ − 1
(ζt + u · ∇ζ) +Rθdivψ + ψ · ∇θ¯ +Rζdivu¯ =
κ
ρ
∆ζ +
κ
ρ
θ¯x1x1
+
1
ρ
[µ
2
|∇ψ + (∇ψ)t|2 + λ(divψ)2 + 2u¯1x1
(
2µ∂1ψ1 + λdivψ
)
+ (2µ + λ)u¯21x1
]
,
and the initial data is
(3.5) (φ,ψ, ζ)(x, 0) = (φ0, ψ0, ζ0)(x) = (ρ0 − ρ¯0, u0 − u¯0, θ0 − θ¯0)(x).
Since the proof for the local-in-time existence and uniqueness of the classical solution to (3.4)-(3.5) is
standard (for instance, one can refer to [29] or [34]), in particular for the suitably small perturbation of
the solution around the planar rarefaction wave satisfying the property (3.2), the details will be omitted.
To prove Theorem 1.1, it suffices to show the following a priori estimates.
Proposition 3.1. (A priori estimates) Suppose that the reformulated problem (3.4)-(3.5) admits a so-
lution (φ,ψ, ζ) ∈ X(0, T ) for some T > 0. Then there exist positive constants χ ≦ 1 and C independent
of T , such that if
(3.6) sup
0≤t≤T
‖(φ,ψ, ζ)(·, t)‖H2 ≤ χ,
then it follows the estimates:
(3.7)
sup
0≤t≤T
‖(φ,ψ, ζ)(·, t)‖2H2 +
∫ T
0
[
‖
√
u¯1x1(φ,ψ, ζ)‖
2 + ‖∇φ‖2H1 + ‖∇(ψ, ζ)‖
2
H2
]
dτ
≤ C(‖(φ0, ψ0, ζ0)‖
2
H2 + ε
1
8 ).
From now on, we always assume that χ + ε ≦ 1. Proposition 3.1 is an easy consequence of the
following lemmas. We first give the following L2 estimate.
Lemma 3.1. For T > 0 and (φ,ψ, ζ) ∈ X(0, T ) satisfying a priori assumption (3.6) with suitably small
χ+ ε, we have for t ∈ [0, T ],
(3.8) ‖(φ,ψ, ζ)(t)‖2 +
∫ t
0
[
‖
√
u¯1x1(φ,ψ1, ζ)‖
2 + ‖∇(ψ, ζ)‖2
]
dτ ≤ C‖(φ0, ψ0, ζ0)‖
2 + Cε
1
8 .
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Proof : For ideal polytropic fluids, it holds
S = −R ln ρ+
R
γ − 1
ln θ +
R
γ − 1
ln
R
A
, p = Rρθ = Aργ exp
(γ − 1
R
S
)
.
Denote
X =
(
ρ, ρu1, ρu2, ρu3, ρ
( R
γ − 1
θ +
|u|2
2
))t
,
Y =
(
ρu, ρuu1 + pI1, ρuu2 + pI2, ρuu3 + pI3, ρu
( R
γ − 1
θ +
|u|2
2
)
+ pu
)t
,
where I1 = (1, 0, 0)
t, I2 = (0, 1, 0)
t, I3 = (0, 0, 1)
t. Then the system (1.1) can be rewritten as
Xt + divY =


0
µ∆u1 + (µ+ λ)∂1divu
µ∆u2 + (µ+ λ)∂2divu
µ∆u3 + (µ+ λ)∂3divu
κ∆θ + div(uT )

 ,
where ∂j = ∂xj (j = 1, 2, 3). We define a relative entropy-entropy flux pair (η, q) as

η = θ¯
{
−ρS + ρ¯S¯ +∇X(ρS)
∣∣∣
X=X¯
· (X− X¯)
}
,
qj = θ¯
{
−ρujS + ρ¯u¯jS¯ +∇X(ρS)
∣∣∣
X=X¯
· (Yj − Y¯j)
}
j = 1, 2, 3.
Here, we can compute that
(ρS)ρ = S +
|u|2
2θ
−
Rγ
γ − 1
, (ρS)mi = −
ui
θ
, i = 1, 2, 3, (ρS)E =
1
θ
,
where mi = ρui (i = 1, 2, 3) and E = ρ(
R
γ−1θ +
|u|2
2 ), then

η =
R
γ − 1
ρθ − θ¯ρS + ρ
[(
S¯ −
Rγ
γ − 1
)
θ¯ +
|u− u¯|2
2
]
+Rρ¯θ¯
= Rρθ¯Ψ
(
ρ¯
ρ
)
+
R
γ − 1
ρθ¯Ψ
(
θ
θ¯
)
+
1
2
ρ|u− u¯|2,
q = uη +R(u− u¯)(ρθ − ρ¯θ¯),
where Ψ(·) is the convex function
Ψ(s) = s− ln s− 1.
Then, for X in any closed bounded region in
∑
= {X : ρ > 0, θ > 0}, there exists a positive constant
C0 such that
C−10 |(φ,ψ, ζ)|
2 ≤ η ≤ C0|(φ,ψ, ζ)|
2.
Direct computations yield that
(3.9)
ηt + divq +
θ¯
θ
(µ
2
|∇ψ + (∇ψ)t|2 + λ(divψ)2
)
+
κθ¯
θ2
|∇ζ|2 −
[
∇(ρ¯,u¯,S¯)η · (ρ¯, u¯, S¯)t +∇(ρ¯,u¯,S¯)q · (ρ¯, u¯, S¯)x1
]
= div
[
ψ
(
µ∇u+ (µ + λ)divu
)
+
κζ∇ζ
θ
]
− ∂1(µψ1u¯1x1)− div
[
(µ + λ)ψu¯1x1
]
−µ|∇ψ|2 − (µ + λ)(divψ)2 +
µ
2
|∇ψ + (∇ψ)t|2 + λ(divψ)2
+
2ζ
θ
(
2µ∂1ψ1 + λdivψ
)
u¯1x1 +
κ
θ2
ζ∂1ζθ¯x1 + (2µ + λ)
(ζ
θ
u¯21x1 + ψ1u¯1x1x1
)
+
κ
θ
ζθ¯x1x1 .
10 LI, WANG, AND WANG
There exists a positive constant C > 0 such that (cf. [20])
−
[
∇(ρ¯,u¯,S¯)η · (ρ¯, u¯, S¯)t +∇(ρ¯,u¯,S¯)q · (ρ¯, u¯, S¯)x1
]
= u¯1x1
[
ρψ21 +R(γ − 1)ρθ¯Ψ
( ρ¯
ρ
)
+Rρθ¯Ψ
(θ
θ¯
)]
+ θ¯x1ρψ1
(
R ln
ρ¯
ρ
+
R
γ − 1
ln
θ
θ¯
)
≥ C−1u¯1x1(φ
2 + ψ21 + ζ
2).
Integrating (3.9) with respect to x, t over Ω× (0, t) yields that
(3.10)
‖(φ,ψ, ζ)(t)‖2 +
∫ t
0
[
‖(∇ψ,∇ζ)‖2 + ‖
√
u¯1x1(φ,ψ1, ζ)‖
2
]
dτ
≤ C‖(φ0, ψ0, ζ0)‖
2 + C
∣∣∣ ∫ t
0
∫ [2ζ
θ
(
2µ∂1ψ1 + λdivψ
)
u¯1x1 +
κ
θ2
ζ∂1ζθ¯x1
]
dxdτ
∣∣∣
+ C
∣∣∣ ∫ t
0
∫ [
ψ1u¯1x1x1 +
ζ
θ
u¯21x1 +
κ
θ
ζθ¯x1x1
]
dxdτ
∣∣∣,
where we have used the following fact∫
µ|∇ψ|2 + (µ+ λ)(divψ)2dx =
∫
µ
2
|∇ψ + (∇ψ)t|2 + λ(divψ)2dx.
First, by the Cauchy’s inequality and Lemma 2.2, it holds that
(3.11)
C
∣∣∣ ∫ t
0
∫ [2ζ
θ
(
2µ∂1ψ1 + λdivψ
)
u¯1x1 +
κ
θ2
ζ∂1ζθ¯x1
]
dxdτ
∣∣∣
≤
1
2
∫ t
0
‖∇(ψ, ζ)‖2dτ + Cε
∫ t
0
‖
√
u¯1x1ζ‖
2dτ.
By Sobolev’s inequality, Ho¨lder’s inequality, Young’s inequality, Lemma 2.2 and assumption (3.6), we
have
(3.12)
C
∣∣∣ ∫ t
0
∫
ψ1u¯1x1x1dxdτ
∣∣∣ ≤ C ∫ t
0
∫
T2
‖ψ1‖L∞(R)‖u¯1x1x1‖L1(R)dx2dx3dτ
≤ Cε
1
8
∫ t
0
(1 + τ)−
7
8
(∫
T2
‖ψ1‖
1
2
L2(R)
‖∂1ψ1‖
1
2
L2(R)
dx2dx3
)
dτ
≤ Cε
1
8
∫ t
0
(1 + τ)−
7
8 ‖∂1ψ1‖
1
2
(∫
T2
‖ψ1‖
2
3
L2(R)
dx2dx3
) 3
4
dτ
≤ Cε
1
8
∫ t
0
(1 + τ)−
7
8 ‖ψ1‖
1
2 ‖∂1ψ1‖
1
2 dτ ≤ Cε
1
8
∫ t
0
‖∂1ψ1‖
2dτ + Cε
1
8 .
Similarly, one has
(3.13) C
∣∣∣ ∫ t
0
∫ [ζ
θ
u¯21x1 +
κ
θ
ζθ¯x1x1
]
dxdτ
∣∣∣ ≤ Cε 18 ∫ t
0
‖∇ζ‖2dτ +Cε
1
8 .
Substituting the estimates (3.11)-(3.13) into (3.10) gives (3.8), and the proof of Lemma 3.1 is com-
pleted.

Next, we want to get the estimation of ∇φ. Compared with the one-dimensional stability results in
[27, 28, 30], the physical viscosity in momentum equation (3.4)2 has the form: µ∆ψ+ (µ+ λ)∇divψ in
high dimensions. Therefore, we can not substitute mass equation (3.4)1 into momentum equation (3.4)2
to obtain the derivative estimate of density perturbation ∇φ as in [27, 28, 30]. Our new observation is
that we find some cancellation between the flux terms and viscosity terms for system (3.4), by which
we successfully overcome the difficulty when the planar rarefaction wave propagate in x2, x3-directions
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may interact with x1-direction, and derive the derivative estimates of density perturbation ∇φ. The
following lemma is crucial to get a priori estimates (3.7).
Lemma 3.2. For T > 0 and (φ,ψ, ζ) ∈ X(0, T ) satisfying a priori assumption (3.6) with suitably small
χ+ ε, it holds that for t ∈ [0, T ],
(3.14) ‖∇φ(t)‖2 +
∫ t
0
‖∇φ‖2dτ ≤ C‖(φ0, ψ0, ζ0,∇φ0)‖
2 + Cε
1
8 + C(χ+ ε)
∫ t
0
‖∇3u‖2dτ.
Proof : For this, we multiply (3.4)2 by ρ∇φ and integrate by parts with respect to x to obtain
(3.15)
∫
ρψt · ∇φdx+
∫
ρu · ∇ψ · ∇φdx+
∫
Rθ|∇φ|2dxdτ
= −
∫
ρ
[
R∇ζ + ψ · ∇u¯+R
(θ
ρ
−
θ¯
ρ¯
)
∇ρ¯
]
· ∇φdx
+
∫ [
µ∆ψ + (µ+ λ)∇divψ
]
· ∇φdx+ (2µ + λ)
∫
u¯1x1x1∂1φdx,
By using the following two facts:
(3.16)
∫
ρψt · ∇φdx+
∫
ρu · ∇ψ · ∇φdx
=
d
dt
∫
ρψ · ∇φdx+
∫
div(ρu)ψ · ∇φdx+
∫
div(ρψ)φt dx+
∫
ρu · ∇ψ · ∇φdx
=
d
dt
∫
ρψ · ∇φdx+
∫
∂j(ρujψ) · ∇φdx−
∫
div(ρψ)(u · ∇φ+ ρdivψ + ψ · ∇ρ¯+ φdivu¯)dx
and
(3.17)
∫ [
µ∆ψ + (µ + λ)∇divψ
]
· ∇φdx = (2µ + λ)
∫
∇φ · ∇divψ dx,
the equality (3.15) becomes
(3.18)
d
dt
∫
ρψ · ∇φdx+
∫
Rθ|∇φ|2dxdτ =
∫
div(ρψ)(u · ∇φ+ ρdivψ + ψ · ∇ρ¯+ φdivu¯)dx
−
∫
∂j(ρujψ) · ∇φdx−
∫
ρ
[
R∇ζ + ψ · ∇u¯+R
(θ
ρ
−
θ¯
ρ¯
)
∇ρ¯
]
· ∇φdx
+(2µ+ λ)
∫
∇φ · ∇divψ dx+ (2µ + λ)
∫
u¯1x1x1∂1φdx.
In order to close the a priori assumption (3.6), we need to get rid of the higher order term (2µ+λ)
∫
∇φ·
∇divψ dx in (3.18). Otherwise, the first-order derivative estimate in (3.18) will depend on the second
order derivative ∇divψ and deductively one can not close the a priori assumption (3.6). For this, we
first apply ∂i (i = 1, 2, 3) to the equation (3.4)1 to derive
(3.19)
∂iφt + u · ∇∂iφ+ ρ∂idivψ + ∂iu · ∇φ+ ∂iρdivψ + ∂iψ · ∇ρ¯+ ∂iφdivu¯+ ψ · ∇∂iρ¯+ φ∂idivu¯ = 0.
Then multiplying the above equation by 2µ+λ
ρ
∂iφ, integrating over the domain Ω with respect to x and
summing i from 1 to 3 yield
(3.20)
d
dt
∫
2µ + λ
2ρ
|∇φ|2dx = (2µ + λ)
∫
divu
ρ
|∇φ|2dx−
∫
2µ+ λ
ρ
∂iφ
(
∂iu · ∇φ+ ∂iρdivψ
+∂iψ · ∇ρ¯+ ∂iφdivu¯+ ψ · ∇∂iρ¯+ φ∂idivu¯
)
dx− (2µ + λ)
∫
∇φ · ∇divψ dx,
12 LI, WANG, AND WANG
where we have the following equality:∫
2µ+ λ
ρ
∂iφ(∂iφt + u · ∇∂iφ) =
d
dt
∫
2µ + λ
2ρ
|∂iφ|
2dx−
2µ + λ
2
∫ [(1
ρ
)
t
+ div
(u
ρ
)]
|∂iφ|
2dx
=
d
dt
∫
2µ + λ
2ρ
|∂iφ|
2dx− (2µ + λ)
∫
divu
ρ
|∂iφ|
2dx.
Thus adding the equalities (3.18) and (3.20) together and the higher order term (2µ+λ)
∫
∇φ·∇divψ dx
will be cancelled as desired, and then integrating the resulted equation with respect to the time t over
(0, t) to give
(3.21)
∫ (2µ+ λ
2ρ
|∇φ|2 + ρψ · ∇φ
)
dx
∣∣∣τ=t
τ=0
+
∫ t
0
∫
Rθ|∇φ|2dxdτ
= (2µ + λ)
∫ t
0
∫
divu
ρ
|∇φ|2dxdτ −
∫ t
0
∫
2µ + λ
ρ
∂iφ
(
∂iu · ∇φ+ ∂iρdivψ
+∂iψ · ∇ρ¯+ ∂iφdivu¯+ ψ · ∇∂iρ¯+ φ∂idivu¯
)
dxdτ −
∫ t
0
∫
∂j(ρujψ) · ∇φdxdτ
+
∫ t
0
∫
div(ρψ)(u · ∇φ+ ρdivψ + ψ · ∇ρ¯+ φdivu¯)dxdτ
−
∫ t
0
∫
ρ
[
R∇ζ + ψ · ∇u¯+R
(θ
ρ
−
θ¯
ρ¯
)
∇ρ¯
]
· ∇φdxdτ + (2µ + λ)
∫ t
0
∫
u¯1x1x1∂1φdxdτ.
We just estimate the first term on the right hand side of (3.21) as follows and the other terms can
be done similarly and the details for estimating these terms will be omitted for brevity. By Sobolev’s
inequality Lemma 2.2 and assumption (3.6), one has
(3.22)
(2µ+ λ)
∫ t
0
∫
divu
ρ
|∇φ|2dxdτ ≤ C
∫ t
0
∫
|divu||∇φ|2dxdτ
≤
∫ t
0
‖∇u‖L∞‖∇φ‖
2dτ ≤ C
∫ t
0
‖∇u‖H2‖∇φ‖
2dτ
≤ C
∫ t
0
(‖∇u‖+ ‖∇2u‖)‖∇φ‖2dτ + C
∫ t
0
‖∇3u‖‖∇φ‖2dτ
≤ C sup
0≤τ≤t
‖(∇u,∇2u)(τ)‖
∫ t
0
‖∇φ‖2dτ + C sup
0≤τ≤t
‖∇φ(τ)‖
∫ t
0
‖∇3u‖‖∇φ‖dτ
≤ C(χ+ ε)
∫ t
0
(‖∇φ‖2 + ‖∇3u‖2)dτ.
By Cauchy’s inequality and the estimates as in (3.22), it follows from (3.21) that
(3.23)
‖∇φ(t)‖2 +
∫ t
0
‖∇φ‖2dτ ≤ C‖(ψ0,∇φ0)‖
2 + Cε+ C‖ψ(t)‖2 + C
∫ t
0
‖∇(ψ, ζ)‖2dτ
+Cε
∫ t
0
‖
√
u¯1x1(φ,ψ1, ζ)‖
2dτ + C(χ+ ε)
∫ t
0
‖∇3u‖2dτ,
which together with (3.8) leads to (3.14), and the proof of Lemma 3.2 is completed.

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Lemma 3.3. For T > 0 and (φ,ψ, ζ) ∈ X(0, T ) satisfying a priori assumption (3.6) with suitably small
χ+ ε, we have for t ∈ [0, T ],
(3.24) ‖∇(ψ, ζ)(t)‖2 +
∫ t
0
‖∇2(ψ, ζ)‖2dτ ≤ C‖(φ0, ψ0, ζ0)‖
2
H1 + Cε
1
8 + C(χ+ ε)
∫ t
0
‖∇3u‖2dτ.
Proof : Multiplying the equation (3.4)2 by (−∆ψ), and integrating over Ω× (0, t) lead to
(3.25)
∫
|∇ψ|2
2
dx
∣∣∣τ=t
τ=0
+
∫ t
0
∫ (µ
ρ
|∆ψ|2 +
µ+ λ
ρ
|∇divψ|2
)
dxdτ
=
∫ t
0
∫ [
u · ∇ψ +R
θ
ρ
∇φ+R∇ζ + ψ · ∇u¯+R
(θ
ρ
−
θ¯
ρ¯
)
∇ρ¯
]
∆ψ dxdτ
+
∫ t
0
∫
(µ + λ)
ρ2
(
∂jρ∂jdivψdivψ − ∂iρdivψ∆ψi
)
dxdτ
−(2µ+ λ)
∫ t
0
∫
1
ρ
u¯1x1x1∆ψ1 dxdτ :=
3∑
i=1
Ii.
Here we use the following fact:
(3.26)∫
1
ρ
(
µ+ λ
)
∇divψ∆ψ dx =
∫
µ+ λ
ρ
|∇divψ|2dx−
∫
µ+ λ
ρ2
(∂jρ∂jdivψdivψ − ∂iρdivψ∆ψi) dx.
Now we will estimate each Ii (i = 1, 2, 3) on the right hand side of (3.25). By Cauchy’s inequality
and Lemma 2.2, one has
(3.27) |I1| ≤ σ
∫ t
0
‖∇2ψ‖2dτ + Cσ
∫ t
0
‖∇(φ,ψ, ζ)‖2dτ + Cσε
∫ t
0
‖
√
u¯1x1(φ,ψ1, ζ)‖
2dτ,
where σ is a suitably small positive constant to be determined and Cσ is a positive constant depending
on σ. It follows from Cauchy’s inequality, Sobolev’s inequality, Lemma 2.2 and assumption (3.6) that
(3.28)
|I2| ≤ C
∫ t
0
∫
(|∇φ|+ |ρ¯x1 |)|∇ψ||∇
2ψ|dxdτ
≤ C
∫ t
0
‖∇φ‖L4‖∇ψ‖L4‖∇
2ψ‖dτ + Cε
∫ t
0
‖∇ψ‖‖∇2ψ‖dτ
≤ C
∫ t
0
‖∇φ‖H1‖∇ψ‖H1‖∇
2ψ‖dτ + Cε
∫ t
0
‖∇ψ‖‖∇2ψ‖dτ
≤ C(χ+ ε)
∫ t
0
‖(∇ψ,∇2ψ)‖2dτ.
By Cauchy’s inequality and Lemma 2.2, we obtain
(3.29) |I3| ≤ σ
∫ t
0
‖∇2ψ‖2dτ + Cσ
∫ t
0
‖u¯1x1x1‖
2dτ ≤ σ
∫ t
0
‖∇2ψ‖2dτ + Cσε.
Substituting (3.27)-(3.29) into (3.25) yields
(3.30)
‖∇ψ(t)‖2 +
∫ t
0
‖∇2ψ‖2dτ
≤ C‖∇ψ0‖
2 + Cε+ C
∫ t
0
‖∇(φ,ψ, ζ)‖2dτ + Cε
∫ t
0
‖
√
u¯1x1(φ,ψ1, ζ)‖
2dτ.
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Next, we estimate ‖∇ζ‖. We multiply the equation (3.4)3 by (−∆ζ), and integrate by parts over
Ω× (0, t), similar as (3.26), it holds
(3.31)
R
γ − 1
∫
|∇ζ|2
2
dx
∣∣∣τ=t
τ=0
+
∫ t
0
∫
κ
ρ
|∇2ζ|2dxdτ =
∫ t
0
∫ [ R
γ − 1
u · ∇ζ +Rθdivψ
+ψ · ∇θ¯ +Rζdivu¯
]
∆ζ dxdτ −
∫ t
0
∫
∆ζ
ρ
(µ
2
|∇ψ + (∇ψ)t|2 + λ(divψ)2
)
dxdτ
−
∫ t
0
∫
2∆ζ
ρ
u¯1x1
(
2µ∂1ψ1 + λdivψ
)
dxdτ −
∫ t
0
∫
∆ζ
(κ
ρ
θ¯x1x1 + (2µ + λ)u¯
2
1x1
)
dxdτ
+
∫ t
0
∫
κ
ρ2
(∂iρ∂i∂jζ∂jζ − ∂jρ∂jζ∆ζ)dxdτ :=
8∑
i=4
Ii.
We just estimate I5, other terms are similar to (3.27)-(3.29). By Ho¨lder’s inequality, Sobolev’s inequality,
Cauchy’s inequality, Lemma 2.2 and assumption (3.6),
(3.32)
|I5| ≤ C
∫ t
0
‖∇2ζ‖‖∇ψ‖2L4dτ ≤ C
∫ t
0
‖∇2ζ‖‖∇ψ‖2H1dτ
≤ σ
∫ t
0
‖∇2ζ‖2dτ + Cσ
∫ t
0
‖(∇ψ,∇2ψ)‖2dτ.
Similar to (3.30), it follows from (3.31) and (3.32) that
(3.33)
‖∇ζ(t)‖2 +
∫ t
0
‖∇2ζ‖2dτ ≤ C‖∇ζ0‖
2 + Cε+ C
∫ t
0
‖∇(ψ, ζ)‖2dτ
+Cε
∫ t
0
‖
√
u¯1x1(ψ1, ζ)‖
2dτ + C
∫ t
0
‖∇2ψ‖2dτ,
which together with (3.30) leads to
(3.34)
‖∇(ψ, ζ)(t)‖2 +
∫ t
0
‖∇2(ψ, ζ)‖2dτ
≤ C‖∇(ψ0, ζ0)‖
2 + Cε+ C
∫ t
0
‖∇(φ,ψ, ζ)‖2dτ + Cε
∫ t
0
‖
√
u¯1x1(φ,ψ1, ζ)‖
2dτ.
Finally, combining (3.34) with (3.8) and (3.14) implies (3.24), and the proof of Lemma 3.3 is completed.

The following lemmas are concerned with the higher order estimates of the perturbation (φ,ψ, ζ).
In order to obtain these estimates, we prefer to consider the system (3.3) of (ρ, u, θ) rather than the
perturbation system (3.4) of (φ,ψ, ζ) due to the fact ‖(ρ¯, u¯1, θ¯)x1x1 , (ρ¯, u¯1, θ¯)x1x1x1‖
2 ∽ ε(1+ t)−2, which
is integrable with respect to the time t on R+. Therefore, we can use system (3.3) to derive Lemmas
3.4 and 3.6. We start from Lemma 3.4 concerning the second order derivatives estimates for φ.
Lemma 3.4. For T > 0 and (φ,ψ, ζ) ∈ X(0, T ) satisfying a priori assumption (3.6) with suitably small
χ+ ε, it holds that for t ∈ [0, T ],
(3.35) ‖∇2φ(t)‖2 +
∫ t
0
‖∇2φ‖2dτ ≤ C(‖(φ0, ψ0, ζ0)‖
2
H1 + ‖∇
2φ0‖
2 + ε
1
8 ) + C(χ+ ε)
∫ t
0
‖∇3u‖2dτ.
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Proof : Applying ∂j∂i (i, j = 1, 2, 3) to the mass equation (3.3)1 and ∂j (j = 1, 2, 3) to the i−th
(i = 1, 2, 3) component of the momentum equation (3.3)2, we have
(3.36)


∂j∂iρt + u · ∇∂j∂iρ+ ρ∂j∂idivu+ (∂ju · ∇∂iρ+ ∂iu · ∇∂jρ+ divu∂j∂iρ)
+(∂jρ∂idivu+ ∂j∂iu · ∇ρ+ ∂iρ∂jdivu) = 0,
∂juit + u · ∇∂jui +R
θ
ρ
∂j∂iρ+R∂j∂iθ + ∂ju · ∇ui + ∂j
(
R
θ
ρ
)
∂iρ
=
1
ρ
(
µ∆∂jui + (µ+ λ)∂j∂idivu
)
−
∂jρ
ρ2
(
µ∆ui + (µ+ λ)∂idivu
)
.
Next, multiplying the equation (3.36)2 by ρ∂j∂iρ and integrating with respect to x lead to
(3.37)
d
dt
∫
ρ∂jui∂j∂iρdx+
∫
Rθ|∂j∂iρ|
2dxdτ = −
∫
div(ρu)∂jui∂j∂iρ dx
+
∫
∂j(ρ∂jui)(u · ∇∂iρ+ ρ∂idivu+ ∂iu · ∇ρ+ ∂iρdivu)dx
−
∫ [
u · ∇∂jui +R∂j∂iθ + ∂ju · ∇ui + ∂j
(
R
θ
ρ
)
∂iρ
]
ρ∂j∂iρ dx
−
∫
∂jρ
ρ
∂j∂iρ
(
µ∆ui + (µ+ λ)∂idivu
)
dx+ (2µ + λ)
∫
∂j∂iρ∂j∂idivu dx,
where we have used the following two facts:
(3.38)
∫
ρ∂juit∂j∂iρ dx =
d
dt
∫
ρ∂jui∂j∂iρ dx−
∫
ρt∂jui∂j∂iρ dx−
∫
ρ∂jui∂j∂iρt dx
=
d
dt
∫
ρ∂jui∂j∂iρ dx+
∫
div(ρu)∂jui∂j∂iρ dx+
∫
∂j(ρ∂jui)∂iρt dx
=
d
dt
∫
ρ∂jui∂j∂iρ dx+
∫
div(ρu)∂jui∂j∂iρ dx
−
∫
∂j(ρ∂jui)(u · ∇∂iρ+ ρ∂idivu+ ∂iu · ∇ρ+ ∂iρdivu)dx
and
(3.39)
∫
1
ρ
(
µ∆∂jui + (µ+ λ)∂j∂idivu
)
ρ∂j∂iρ dx = (2µ + λ)
∫
∂j∂iρ∂j∂idivu dx.
Next, multiplying the equation (3.36)1 by
2µ+λ
ρ
∂j∂iρ and integrating with respect to x yield
(3.40)
d
dt
∫
2µ+ λ
2ρ
|∂j∂iρ|
2dx = −(2µ+ λ)
∫
∂j∂iρ∂j∂idivu dx+ (2µ + λ)
∫
divu
ρ
|∂j∂iρ|
2dx
−
∫
2µ+ λ
ρ
∂j∂iρ
(
∂ju · ∇∂iρ+ ∂iu · ∇∂jρ+ divu∂j∂iρ
)
dx
−
∫
2µ+ λ
ρ
∂j∂iρ
(
∂jρ∂idivu+ ∂j∂iu · ∇ρ+ ∂iρ∂jdivu
)
dx.
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Finally, we add (3.37) and (3.40) together, sum i, j from 1 to 3 and integrate the resulted equation
over (0, t) to give
(3.41)
∫ (2µ+ λ
2ρ
|∇2ρ|2 + ρ∂jui∂j∂iρ
)
dx
∣∣∣τ=t
τ=0
+
∫ t
0
∫
Rθ|∇2ρ|2dxdτ
= −
∫ t
0
∫
div(ρu)∂jui∂j∂iρ dxdτ +
∫ t
0
∫
∂j(ρ∂jui)(u · ∇∂iρ+ ρ∂idivu+ ∂iu · ∇ρ
+∂iρdivu)dxdτ −
∫ t
0
∫ [
u · ∇∂jui +R∂j∂iθ + ∂ju · ∇ui + ∂j
(
R
θ
ρ
)
∂iρ
]
ρ∂j∂iρ dxdτ
−
∫ t
0
∫
∂jρ
ρ
∂j∂iρ
(
µ∆ui + (µ+ λ)∂idivu
)
dxdτ + (2µ+ λ)
∫ t
0
∫
divu
ρ
|∇2ρ|2dxdτ
−
∫ t
0
∫
2µ + λ
ρ
∂j∂iρ
(
∂ju · ∇∂iρ+ ∂iu · ∇∂jρ+ divu∂j∂iρ
)
dxdτ
−
∫ t
0
∫
2µ + λ
ρ
∂j∂iρ
(
∂jρ∂idivu+ ∂j∂iu · ∇ρ+ ∂iρ∂jdivu
)
dxdτ :=
15∑
i=9
Ii.
By Ho¨lder’s inequality, Cauchy’s inequality, Sobolev’s inequality, Lemma 2.2 and assumption (3.6), it
holds
(3.42)
|I9| ≤ C
∫ t
0
∫
|(∇ρ,∇u)||∇u||∇2ρ|dxdτ ≤ C
∫ t
0
∫
(|∇ρ|2 + |∇u|2)|∇2ρ|dxdτ
≤ C
∫ t
0
(‖∇ρ‖2L4 + ‖∇u‖
2
L4)‖∇
2ρ‖dτ ≤ C
∫ t
0
(‖∇ρ‖2H1 + ‖∇u‖
2
H1)‖∇
2ρ‖dτ
≤≤ C(χ+ ε)
∫ t
0
(‖(∇2ρ,∇φ)‖2 + ‖(∇2u,∇ψ)‖2)dτ + Cε.
Similar to I9, we have
(3.43) |I110| ≤
∫ t
0
∫
(|∇ρ||∇u|+ |∇2u|)|∇2ρ|dxdτ ≤
(
σ + C(χ+ ε)
) ∫ t
0
‖∇2ρ‖2dτ + Cσ
∫ t
0
‖∇2u‖2dτ.
It follows from Young’s inequality, Sobolev’s inequality, Lemma 2.2 and assumption (3.6) that,
(3.44)
|I210| ≤
∫ t
0
∫
(|∇ρ||∇u|+ |∇2u|)|∇2u|dxdτ ≤ C
∫ t
0
(
‖∇ρ‖L4‖∇u‖L4‖∇
2u‖+ ‖∇2u‖2
)
dτ
≤ C
∫ t
0
‖∇ρ‖H1‖∇u‖H1‖∇
2u‖dτ + C
∫ t
0
‖∇2u‖2dτ
≤ C(χ+ ε)
∫ t
0
‖(∇2ρ,∇φ)‖2dτ + C
∫ t
0
‖∇2u‖2dτ + Cε,
(3.45)
|I310|+ |I
4
10| ≤ C
∫ t
0
∫
(|∇ρ||∇u|+ |∇2u|)|∇ρ||∇u|dxdτ
≤ C
∫ t
0
‖∇ρ‖2L4‖∇u‖
2
L4dτ + C
∫ t
0
‖∇2u‖‖∇ρ‖L4‖∇u‖L4dτ
≤ C(χ+ ε)
∫ t
0
(‖(∇2ρ,∇φ)‖2 + ‖(∇2u,∇ψ)‖2)dτ + Cε,
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and
(3.46) |I111|+ |I
2
11| ≤ σ
∫ t
0
‖∇2ρ‖2dτ + Cσ
∫ t
0
‖∇2(u, θ)‖2dτ.
Similar to I9, one has
(3.47)
|I311|+ |I
4
11| ≤
∫ t
0
∫
(|∇u|2 + |∇(ρ, θ)||∇ρ|)|∇2ρ|dxdτ ≤ C
∫ t
0
‖∇(ρ, u, θ)‖2L4‖∇
2ρ‖dτ
≤ C(χ+ ε)
∫ t
0
(‖∇2ρ‖2 + ‖∇2u‖2 + ‖∇2θ‖2)dτ.
By Ho¨lder’s inequality, Sobolev’s inequality, Young’s inequality, Lemma 2.2 and assumption (3.6), we
have
(3.48)
|I12|+ |I15| ≤ C
∫ t
0
‖∇ρ‖L4‖∇
2u‖L4‖∇
2ρ‖dτ ≤ C
∫ t
0
‖∇ρ‖H1‖∇
2ρ‖‖∇2u‖H1dτ
≤ C(χ+ ε)
∫ t
0
(‖∇2ρ‖2 + ‖(∇3u,∇2u)‖2)dτ.
The same as (3.22), it holds
(3.49) |I13|+ |I14| ≤ C(χ+ ε)
∫ t
0
(‖∇2ρ‖2 + ‖∇3u‖2)dτ.
Substituting (3.42)-(3.49) into (3.41) leads to
(3.50)
‖∇2ρ(t)‖2 +
∫ t
0
‖∇2ρ‖2dτ ≤ C‖∇u0,∇
2ρ0‖
2 + C‖∇u(t)‖2
+C
∫ t
0
‖∇2(u, θ)‖2dτ + C(χ+ ε)
∫ t
0
‖∇3u‖2dτ,
which along with Lemma 2.2 and (3.24) implies (3.35), and the proof of Lemma 3.4 is completed. 
Thus, Lemma 3.3 and 3.4 imply
Lemma 3.5. For T > 0 and (φ,ψ, ζ) ∈ X(0, T ) satisfying a priori assumption (3.6) with suitably small
χ+ ε, we have for t ∈ [0, T ],
(3.51)
‖(∇ψ,∇ζ,∇2φ)(t)‖2 +
∫ t
0
‖∇2(φ,ψ, ζ)‖2dτ
≤ C(‖(φ0, ψ0, ζ0)‖
2
H1 + ‖∇
2φ0‖
2 + ε
1
8 ) + C(χ+ ε)
∫ t
0
‖∇3u‖2dτ.
Finally, we want to derive the highest order derivatives of ψ and ζ. It holds
Lemma 3.6. For T > 0 and (φ,ψ, ζ) ∈ X(0, T ) satisfying a priori assumption (3.6) with suitably small
χ+ ε, it holds for t ∈ [0, T ],
(3.52) ‖∇2(ψ, ζ)(t)‖2 +
∫ t
0
‖∇3(ψ, ζ)‖2dτ ≤ C‖(φ0, ψ0, ζ0)‖
2
H2 + Cε
1
8 .
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Proof : First, applying ∂i (i = 1, 2, 3) to the equation (3.3)2 gives
(3.53)
∂iut + u · ∇∂iu+R
θ
ρ
∇∂iρ+R∇∂iθ + ∂iu · ∇u+ ∂i
(
R
θ
ρ
)
∇ρ
=
1
ρ
(
µ∆∂iu+ (µ + λ)∇∂idivu
)
−
∂iρ
ρ2
(
µ∆u+ (µ+ λ)∇divu
)
.
Multiplying the above equation by (−∆∂iu), similar to (3.25), we have
(3.54)
∫
|∇2u|2
2
dx
∣∣∣τ=t
τ=0
+
∫ t
0
∫ (µ
ρ
|∇3u|2 +
µ+ λ
ρ
|∇2divu|2
)
dxdτ
=
∫ t
0
∫ [
u · ∇∂iu+R
θ
ρ
∇∂iρ+R∇∂iθ + ∂iu · ∇u+ ∂i
(
R
θ
ρ
)
∇ρ
]
·∆∂iu dxdτ
+
∫ t
0
∫
1
ρ2
(
µ∇ρ · ∇∂j∂iu · ∂j∂iu− µ∂jρ∂j∂iu ·∆∂iu+ (µ+ λ)∇ρ · ∇∂idivu∂idivu
−(µ+ λ)∆∂iu · ∇ρ∂idivu
)
dxdτ +
∫ t
0
∫
∂iρ
ρ2
(
µ∆u+ (µ + λ)∇divu
)
·∆∂iu dxdτ :=
18∑
i=16
Ii.
It follows from Young’s inequality, Sobolev’s inequality, Lemma 2.2 and assumption (3.6) that
(3.55) |I16| ≤
(
σ + (χ+ ε)
) ∫ t
0
‖∇3u‖2dτ + Cσ
∫ t
0
‖∇2(ρ, u, θ)‖2dτ
and
(3.56)
|I17|+ |I18| ≤ C
∫ t
0
‖∇ρ‖L4‖∇
2u‖L4‖∇
3u‖dτ ≤ C
∫ t
0
‖∇ρ‖H1‖∇
2u‖H1‖∇
3u‖dτ
≤ C(χ+ ε)
∫ t
0
(‖∇2u‖2 + ‖∇3u‖2)dτ.
Substituting (3.55)-(3.56) into (3.54) yields
(3.57) ‖∇2u(t)‖2 +
∫ t
0
‖∇3u‖2dτ ≤ C‖∇2u0‖
2 + C
∫ t
0
‖∇2(ρ, u, θ)‖2dτ.
Next, applying ∂i (i = 1, 2, 3) to the equation (3.3)3 gives
(3.58)
R
γ − 1
(∂iθt + u · ∇∂iθ) +Rθ∂idivu+
R
γ − 1
∂iu · ∇θ +R∂iθdivu =
κ
ρ
∆∂iθ
+
1
ρ
(
µ(∇u+ (∇u)t) · ∂i(∇u+ (∇u)
t) + 2λdivu∂idivu
)
−
∂iρ
ρ2
(
κ∆θ +
µ
2
|∇u+ (∇u)t|2 + λ(divu)2
)
.
Multiplying the above equation by (−∆∂iθ), similar to (3.54), we have
(3.59)
R
γ − 1
∫
|∇2θ|2
2
dx
∣∣∣τ=t
τ=0
+
∫ t
0
∫
κ
ρ
|∇3θ|2dxdτ =
∫ t
0
∫ [ R
γ − 1
u · ∇∂iθ +Rθ∂idivu
+
R
γ − 1
∂iu · ∇θ +R∂iθdivu
]
∆∂iθ dxdτ +
∫ t
0
∫
κ
ρ2
(∇ρ · ∇∂j∂iθ∂j∂iθ − ∂jρ∂j∂iθ∆∂iθ
+∂iρ∆θ∆∂iθ)dxdτ −
∫ t
0
∫
1
ρ
(
µ(∇u+ (∇u)t) · ∂i(∇u+ (∇u)
t) + 2λdivu∂idivu
)
∆∂iθ dxdτ
+
∫ t
0
∫
∂iρ
ρ2
(µ
2
|∇u+ (∇u)t|2 + λ(divu)2
)
∆∂iθ dxdτ :=
22∑
i=19
Ii.
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By Young’s inequality, Sobolev’s inequality, Lemma 2.2 and assumption (3.6), one has
(3.60) |I19| ≤
(
σ + (χ+ ε)
) ∫ t
0
‖∇3θ‖2dτ + Cσ
∫ t
0
‖∇2(u, θ)‖2dτ.
Similar to (3.56), it holds,
(3.61) |I20| ≤ C
∫ t
0
‖∇ρ‖L4‖∇
2θ‖L4‖∇
3θ‖dτ ≤ C(χ+ ε)
∫ t
0
(‖∇3θ‖2 + ‖∇2θ‖2)dτ.
It follows from Ho¨lder’s inequality, Sobolev’s inequality, Young’s inequality, Lemma 2.2 and assumption
(3.6) that
(3.62)
|I21| ≤ C
∫ t
0
‖∇u‖L4‖∇
2u‖L4‖∇
3θ‖dτ ≤ C
∫ t
0
‖∇u‖H1‖∇
2u‖H1‖∇
3θ‖dτ
≤ C(χ+ ε)
∫ t
0
(‖∇3(u, θ)‖2 + ‖∇2u‖2)dτ,
and
(3.63)
|I22| ≤ C
∫ t
0
‖∇ρ‖L4‖∇u‖
2
L8‖∇
3θ‖dτ ≤ C
∫ t
0
‖∇ρ‖H1‖∇u‖H2‖∇
3θ‖dτ
≤ C(χ+ ε)
∫ t
0
(‖∇3(u, θ)‖2 + ‖(∇2u,∇ψ)‖2)dτ + Cε.
Substituting (3.60)-(3.63) into (3.59) gives
(3.64) ‖∇2θ(t)‖2 +
∫ t
0
‖∇3θ‖2dτ ≤ C‖∇2θ0‖
2 + C
∫ t
0
‖∇2(u, θ)‖2dτ + C(χ+ ε)
∫ t
0
‖∇3u‖2dτ.
Combining (3.57) and (3.64), we derive
(3.65) ‖∇2(u, θ)(t)‖2 +
∫ t
0
‖∇3(u, θ)‖2dτ ≤ C‖∇2(u0, θ0)‖
2 + C
∫ t
0
‖∇2(ρ, u, θ)‖2dτ,
which along with Lemma 2.2 and (3.51) leads to (3.52), and the proof of Lemma 3.6 is completed. 
Proof of Proposition 3.1: Combining (3.8), (3.14), (3.51) and (3.52) together, we can obtain (3.7),
the proof of Proposition 3.1 is completed. 
4. Proof of Theorem 1.1
Proof of Theorem 1.1 : We now finish the proof of the main result in Theorem 1.1. The global
existence result follows immediately from Proposition 3.1 (A priori estimates) and local existence which
can be obtained similarly as in [29] and [34]. To complete the proof of Theorem 1.1, we only need to
justify the time-asymptotic behavior (1.22). In fact, from the estimates (3.7), it holds that
(4.1)
∫ ∞
0
(
‖∇(φ,ψ, ζ)‖2 +
∣∣∣ d
dt
‖∇(φ,ψ, ζ)‖2
∣∣∣)dτ <∞,
which implies
(4.2) lim
t→∞ ‖∇(φ,ψ, ζ)(t)‖
2 = 0.
By three-dimensional Sobolev’s inequality, one has
(4.3) ‖(φ,ψ, ζ)(t)‖2L∞ ≤ C‖(φ,ψ, ζ)(t)‖‖∇(φ,ψ, ζ)(t)‖ + C‖∇(φ,ψ, ζ)(t)‖‖∇
2(φ,ψ, ζ)(t)‖,
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which together with (3.7) and (4.2) yields
lim
t→∞ ‖(φ,ψ, ζ)(t)‖L
∞ = 0.
Hence we obtain (1.22) and finish the proof of Theorem 1.1.

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